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Abstract. The completeness of solutions of homogeneous as well as non-
homogeneous unsteady Stokes equations are examined. A necessary and sufficient
condition for a divergence-free vector to represent the velocity field of a possible
unsteady Stokes flow in the absence of body forces is derived.
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1. Unsteady Stokes flows: Homogeneous case
The equations governing the motion of an arbitrary unsteady Stokes flow of an incom-
pressible, viscous fluid in the absence of any body forces are
ρ ∂V∂ t =−∇p+ µ∇
2V, (1)
∇ ·V = 0, (2)
where V is the velocity, p is the pressure, ρ is the density and µ is the coefficient of
dynamic viscosity of the fluid. Equation (1) can also be written as
µ
(
∇2− 1
ν
∂
∂ t
)
V = ∇p, (3)
where ν =(µ/ρ) is the kinematic coefficient of viscosity. Taking divergence of eq. (3) and
making use of eq. (2), it is easy to see that the pressure is harmonic. Hence, on operating
the Laplace operator on eq. (3), we find that the velocity vector satisfies the equation
∇2
(
∇2 − 1
ν
∂
∂ t
)
V = 0. (4)
1.1 A complete general solution of unsteady Stokes equations
Let (V, p) be any solution of (2) and (3). We define
ψ =
∫ t
0
dτ
∫ ∫ ∫
D
p(ξ ,η ,ζ ,τ)
(
exp[−r2/(4ν(t − τ))]
ν1/2[4(t − τ)]3/2
)
dξ dη dζ , (5)
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where D is the region of the flow, which is simply connected and
r = [(x− ξ )2 +(y−η)2 +(z− ζ )2]1/2.
Then (
∇2 − 1
ν
∂
∂ t
)
ψ = p(x,y,z, t). (6)
Hence
∇2
(
∇2 − 1
ν
∂
∂ t
)
ψ = 0. (7)
Substituting (6) in (3), we get
(
∇2 − 1
ν
∂
∂ t
)[
V− 1µ ∇ψ
]
= 0. (8)
Hence
V = Φ+ 1µ ∇ψ , (9)
where (
∇2 − 1
ν
∂
∂ t
)
Φ = 0. (10)
Substituting the expression (9) in eq. (2), we get
∇2ψ =−µ∇ ·Φ. (11)
A general solution of eq. (7) is of the form ψ = ψ1 +ψ2, where
∇2ψ1 = 0, (12)(
∇2 − 1
ν
∂
∂ t
)
ψ2 = 0, (13)
(please see appendix).
Hence from eq. (6), we have
p =
(
∇2 − 1
ν
∂
∂ t
)
(ψ1 +ψ2)
=−
1
ν
∂ψ1
∂ t . (14)
Using eqs (11) and (12), we get
∇2ψ2 =−µ∇ ·Φ, (15)
which implies that
1
ν
∂ψ2
∂ t =−µ∇ ·Φ. (16)
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Therefore
∂ψ2
∂ t =−µν∇ ·Φ or ψ2 =−
∫ t
0
µν∇ ·Φ(x,y,z,s)ds, (17)
as ψ2(x,y,z,0) = 0.
So
V = Φ+ 1µ ∇ψ
= Φ+
1
µ ∇ψ1 +
1
µ ∇ψ2
= Φ+
1
µ ∇ψ1−ν∇
∫ t
0
∇ ·Φ(x,y,z,s)ds. (18)
This solution is similar to the Naghdi–Hsu type of solution [3] given for steady Stokes
equations.
2. Non-homogeneous case
Consider the equations of motion of an unsteady Stokes flow of a viscous, incompressible
fluid in the presence of a body force f given by
ρ ∂V∂ t =−∇p+ µ∇
2V+ f, (19)
∇ ·V = 0. (20)
The function f can be represented as [2]
f = ∇χ +∇×∇× (rP)+∇× (rT ), (21)
where χ , P and T are the given scalar functions. Taking divergence of eq. (19) and making
use of eqs (20) and (21), we observe that
∇2(χ − p) = 0. (22)
Hence
p = p′+ χ , where ∇2 p′ = 0. (23)
Let S be defined as the region
S = {(r,θ ,ϕ) : r1 ≤ r ≤ r2,0 ≤ θ ≤ pi ,0 ≤ ϕ ≤ 2pi}.
Chadwick and Trowbridge [1] have shown that if V is a vector field possessing partial
derivatives of orders up to two which are Ho¨lder continuous on S and ∇ ·V = 0 on S, then
there are scalar functions A and B on S such that
V = ∇×∇× (rA)+∇× (rB), (24)
where A and B are solutions of
LA =−r ·V, (25)
LB =−r · (∇×V), (26)
where L is the transverse part of the Laplace operator except for the factor 1/r2.
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Theorem. A complete general solution of eqs (19) and (20) in S is given by
V = ∇×∇× (rA)+∇× (rB), (24)
p = p0 + χ +
∂
∂ r
{
r
[
P+ µ
(
∇2 − 1
ν
∂
∂ t
)
A
]}
, (27)
where A and B satisfy equations
µ∇2
(
∇2 − 1
ν
∂
∂ t
)
A+∇2P = 0, (28)
µ
(
∇2− 1
ν
∂
∂ t
)
B+T = 0, (29)
respectively.
Proof. Let A be a solution of eq. (25). Operating ∇2(∇2− 1ν ∂∂ t ) on both sides of (25) and
making use of eq. (20), we find that
∇2
(
∇2 − 1
ν
∂
∂ t
)
LA =−∇2
(
∇2− 1
ν
∂
∂ t
)
(r ·V)
=−r ·∇2
(
∇2− 1
ν
∂
∂ t
)
V. (30)
Here we used the identity that
∇2(r ·V) = 2∇ ·V+ r ·∇2V.
Since the operators ∇2,L and ∂/∂ t commute, we rewrite eq. (30) as
L∇2
(
∇2− 1
ν
∂
∂ t
)
A =−r ·∇2
(
∇2− 1
ν
∂
∂ t
)
V. (31)
We rewrite f as
f = ∇χ +∇
(
P+ r
∂P
∂ r
)
− r∇2P+∇× (rT ). (32)
Taking ∇2 of eq. (19) and making use of (22) and (32), we get
µ∇2
(
∇2 − 1
ν
∂
∂ t
)
V = ∇2(∇p)−∇2f
=−∇2∇
(
P+ r
∂P
∂ r
)
+∇2(r∇2P)−∇2(∇× (rT ))
=−∇
[ ∂
∂ r (r∇
2P)
]
+ r∇4P−∇× (r∇2T ). (33)
Here, from eqs (31) and (33), we have
µL∇2
(
∇2 − 1
ν
∂
∂ t
)
A =−L∇2P,
Unsteady Stokes equations 207
or
L
[
µ∇2
(
∇2 − 1
ν
∂
∂ t
)
A+∇2P
]
= 0. (34)
From [1], this implies that µ∇2(∇2 − 1ν ∂∂ t )A+∇2P = f (r), where f is an arbitrary func-
tion of r. Without loss of generality, f (r) can be neglected as in the proof given in [5].
Then we observe that A satisfies eq. (28).
Similarly, by considering eq. (26), we find that
µL
(
∇2 − 1
ν
∂
∂ t
)
B =−LT,
or
L
[
µ
(
∇2 − 1
ν
∂
∂ t
)
B+T
]
= 0. (35)
Following the result given in [1], it follows that
[
µ
(
∇2− 1
ν
∂
∂ t
)
B+T
]
= g(r), (36)
where g is an arbitrary function of r. Without loss of generality, g(r) can also be neglected
as before. Then we find that B satisfies eq. (29).
Substituting (21) and (24) in eq. (19), we find that
∇
[
χ − p+ ∂∂ r (rP)+ µ
∂
∂ r (r∇
2A)−ρ ∂∂ r (rAt)
]
− r[∇2P
+ µ∇4A−ρ∇2At ]+∇× [r(T + µ∇2B−ρBt)] = 0.
Since A and B satisfy eqs (28) and (29), we have
p = p0 + χ +
∂
∂ r
{
r
[
P+ µ
(
∇2− 1
ν
∂
∂ t
)
A
]}
, (27)
where p0 is a constant. Hence a complete general solution of eqs (19) and (20) is given
by V and p as given in (24) and (27) respectively, where A and B satisfy eqs (28) and (29)
respectively.
2.1 Alternative proof of completeness
Let (V, p) be a solution of (19) and (20). Since p− χ is harmonic, it is possible to find a
harmonic function φ where
φ + r ∂φ∂ r = p− χ , (37)
and a function Ap such that
µ
(
∇2− 1
ν
∂
∂ t
)
Ap = φ −P. (38)
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Such a function Ap satisfies
µ∇2
(
∇2 − 1
ν
∂
∂ t
)
Ap =−∇2P. (39)
We observe that
V1 = ∇×∇× (rAp), (40)
p = χ + ∂∂ r
{
r
[
µ
(
∇2 − 1
ν
∂
∂ t
)
Ap +P
]}
, (41)
is a particular solution of (19) and (20), where f = ∇×∇× (rP) +∇χ . Hence every
p satisfying ∇2 p−∇2χ = 0 represents pressure in (19) and (20) for which a possible
velocity field is given by (40). Therefore in the homogeneous case, every harmonic p
represents the pressure of a possible Stokes flow. Consider
V2 = V−V1, (42)
where V1 is as given in (40). Then(
∇2− 1
ν
∂
∂ t
)
V2 =
(
∇2 − 1
ν
∂
∂ t
)
V−
(
∇2− 1
ν
∂
∂ t
)
V1
= 0, (43)
as V and V1 are both solutions of (19). Since
∇ ·V2 = 0, (44)
we can write
V2 = ∇×∇× (rAc)+∇× (rB), (45)
where
LAc =−r ·V2, (46)
LB =−r · (∇×V2). (47)
Then, from (43) and (46)(
∇2− 1
ν
∂
∂ t
)
LAc =−r ·
(
∇2 − 1
ν
∂
∂ t
)
V2 = 0,
or
L
(
∇2− 1
ν
∂
∂ t
)
Ac = 0. (48)
Similarly
µL
(
∇2 − 1
ν
∂
∂ t
)
B = µ
(
∇2− 1
ν
∂
∂ t
)
LB
=−µ
(
∇2 − 1
ν
∂
∂ t
)
(r · (∇×V2))
=−LT. (49)
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Hence (
∇2 − 1
ν
∂
∂ t
)
Ac = 0 (50)
and
µ
(
∇2− 1
ν
∂
∂ t
)
B+T = 0. (29)
If we write
A = Ap +Ac, (51)
µ∇2
(
∇2 − 1
ν
∂
∂ t
)
A = µ∇2
(
∇2 − 1
ν
∂
∂ t
)
[Ap +Ac] =−∇2P, (52)
or
µ∇2
(
∇2 − 1
ν
∂
∂ t
)
A+∇2P = 0. (28)
Hence
V = V1 +V2
= ∇×∇× (rAp)+∇×∇× (rAc)+∇× (rB)
= ∇×∇× (rA)+∇× (rB) (24)
and
p = p0 + χ +
∂
∂ r
{
r
[
P+ µ
(
∇2− 1
ν
∂
∂ t
)
A
]}
, (27)
where
µ∇2
(
∇2 − 1
ν
∂
∂ t
)
A+∇2P = 0, (28)
µ
(
∇2− 1
ν
∂
∂ t
)
B+T = 0. (29)
3. Condition for a possible Stokes flow
We now derive a necessary and sufficient condition for a divergence free V satisfying
∇2(∇2 − 1ν ∂∂ t )V = 0, to be the solution of homogeneous, unsteady Stokes equations (1)
and (2). We make the following observations:
1. On operating curl on either sides of eq. (3), we find that the vorticity ∇×V satisfies
the equation(
∇2− 1
ν
∂
∂ t
)
(∇×V) = 0. (53)
2. If (V1, p) and (V2, p) are solutions of the homogeneous, unsteady Stokes equations (1)
and (2), then U = V1−V2 satisfies the equation
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(
∇2− 1
ν
∂
∂ t
)
U = 0, (54)
and (U, p0) is also a solution, where p0 is a constant.
3. If (V, p1) and (V, p2) are solutions of the homogeneous, unsteady Stokes equations (1)
and (2), then (p1 − p2) is constant.
4. If (V, p) is a solution of (1) and (2) then (∇×V,0) is also a solution.
We now show that every divergence-free V satisfying
∇2
(
∇2 − 1
ν
∂
∂ t
)
V = 0, (4)
need not be a solution of the homogeneous unsteady Stokes equations (1) and (2). Let us
consider
V = (yˆi− x ˆj) exp(νt), (55)
where ˆi and ˆj are the unit vectors in the cartesian coordinates (x,y). It can be easily verified
that ∇ ·V = 0 and V satisfies eq. (4).
Substituting V in eq. (3) and expressing the equations in a component form we get
px =−µy exp(νt), (56)
py = µx exp(νt). (57)
It can be seen that pxy 6= pyx. Therefore it is not possible to find the pressure p correspond-
ing to the velocity V given in (55) and hence V is not a solution of the homogeneous,
unsteady Stokes equations. We now derive the necessary and sufficient condition for a
divergence-free vector V satisfying eq. (4) to be a possible velocity field in an unsteady
Stokes flow in the absence of any body forces.
Theorem. Let V satisfy
∇2
(
∇2 − 1
ν
∂
∂ t
)
V = 0, (4)
and
∇ ·V = 0. (2)
Then V will represent the velocity of a possible unsteady Stokes flow if and only if the
vorticity ∇×V satisfies the equation(
∇2− 1
ν
∂
∂ t
)
(∇×V) = 0. (53)
Proof. Suppose V is the velocity of a possible unsteady Stokes flow in the absence of
body forces. Then consider the Stokes equations
µ
(
∇2− 1
ν
∂
∂ t
)
V = ∇p. (3)
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We have already seen that on operating curl on both sides of the above equation, we find
that (
∇2− 1
ν
∂
∂ t
)
(∇×V) = 0. (53)
Conversely, let ∇×V satisfy eq. (53). Then we show that V represents a possible unsteady,
Stokes flow. As V is divergence-free, following the result given in [1], we can express V
as
V = ∇×∇× (rA)+∇× (rB), (24)
where A and B satisfy the equations
LA =−r ·V, (25)
LB =−r · (∇×V). (26)
Further, as V and ∇×V satisfy eqs (4) and (53) respectively, the functions A and B will
satisfy equations ∇2(∇2− 1ν ∂∂ t )A = 0 and (∇2−
1
ν
∂
∂ t )B = 0 respectively. Then V given in(24) and
p = p0 + µ
∂
∂ r
[
r
(
∇2− 1
ν
∂
∂ t
)
A
]
, (58)
is a solution of eqs (1) and (2). Hence V represents the velocity of a possible unsteady
Stokes flow in the absence of any body forces.
In fact, as any solution of (4) can be expressed as V = V1 +V2 where
∇2V1 = 0,
(
∇2 − 1
ν
∂
∂ t
)
V2 = 0,
we observe that from (53), the necessary and sufficient condition stated above reduces to
the condition that
−
1
ν
∂
∂ t (∇×V1) = 0.
Now we show that every harmonic p represents the pressure in an unsteady Stokes flow
in the absence of any body forces.
For a given p, we can choose a function φ and a function Ap as in eqs (37) and (38),
where
φ + r ∂φ∂ r = p (59)
and
µ
(
∇2− 1
ν
∂
∂ t
)
Ap = φ , (60)
where
∇2
(
∇2 − 1
ν
∂
∂ t
)
Ap = 0.
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Then we can show that
V1 = ∇×∇× (rAp),
p = µ ∂∂ r
[
r
(
∇2− 1
ν
∂
∂ t
)
Ap
]
,
is a possible unsteady Stokes flow in the absence of any body forces.
Observe that for a given velocity field V, the pressure p is determined uniquely up to a
constant. For a given harmonic p, (V1, p) is a particular solution of Stokes equations and
(V, p) is a solution of eqs (1) and (2) if (V−V1) satisfies(
∇2− 1
ν
∂
∂ t
)
(V−V1) = 0.
4. Conclusions
Some solutions of homogeneous and non-homogeneous, unsteady Stokes equations have
been discussed and their completeness has been established. In the case of homogeneous
equations, we found a solution of the Naghdi-Hsu [3] type which is shown to be complete.
However, the solution that is derived in the more general case, i.e., in the case of non-
homogeneous equations in the presence of body forces, is more advantageous as it does
not involve an integral and yet is in a closed form. It is also easy to employ this solution for
boundary value problems as the boundary conditions can be expressed more easily using
the scalar functions that appear in this solution. This fact has been observed in the steady
case also [5,6]. In fact, this solution is also valid in an infinite domain which follows by
employing the proof given in [4]. Lastly, a necessary and sufficient condition has been
derived for a divergence-free vector field to be a solution of a possible unsteady Stokes
flow in the absence of body forces.
Appendix
Suppose
∇2
(
∇2 − 1
ν
∂
∂ t
)
ψ = 0, (7)
then
ψ = ψ1 +ψ2,
where
∇2ψ1 = 0, (12)(
∇2 − 1
ν
∂
∂ t
)
ψ2 = 0. (13)
Proof. Let
ψ ′ =
(
∇2 − 1
ν
∂
∂ t
)
ψ . (A1)
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This implies
∇2ψ ′ = 0. (A2)
Define
ψ2 = ψ +
∫ t
0
νψ ′(x,y,z,s)ds. (A3)
Then (
∇2− 1
ν
∂
∂ t
)
ψ2 =
(
∇2 − 1
ν
∂
∂ t
)
ψ +
(
∇2− 1
ν
∂
∂ t
)∫ t
0
νψ ′(x,y,z,s)ds
= ψ ′−ψ ′, using (A1) and (A2)
= 0.
Let
ψ1 =−
∫ t
0
νψ ′(x,y,z,s)ds. (A4)
Hence
ψ = ψ1 +ψ2,
where
∇2ψ1 = 0, (12)(
∇2 − 1
ν
∂
∂ t
)
ψ2 = 0. (13)
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